This definition was used in [7] where a nice survey of weighted averages is given (up to 1985).
We are interested in weights selected randomly. In the case an = 1, where (X, ~ /~, T)is an ergodic dynamical system and A a measurable set, it was proved in [4] and [6] that this sequence provides (a.e. ~.c) a universal good weight for the pointwise convergence.
This sequence is a sequence of 0 and 1. The ergodicity of T guarantees that for a.e. x this sequence of 0 and 1 has positive density.
We can write these averages as where kn (x ) is the n th return time of Tfx to the set A.
We showed in [2] (2) is studied in [ 1 ] .) By the "double a.e. recurrence" result obtained in [5] is not given by a sampling of a stationary process. In [3] we proved that for "many" weakly mixing systems (X, J', v, T) for all positive integers H, the averages 1 N 0 3 A 3 N n = 1 1 A 1 ( T n x ) 1 A 2 ( T 2 n x ) . . . 1 A H ( T H n x ) converge a.e. to 03A0Hi=1 (where Ai, 1 i H, are measurable subsets of X). Such is the case for K automorphisms (see also [10] ) and Chacon famous rank one map. We will extend this result by showing that for such weakly mixing systems the sequence an (x ) = is p a.e., a good universal weight.
The proof given in [3] shows that the averages 1 [153] [154] [155] [156] [157] [158] [159] [160] [161] [162] [163] [164] [165] As indicated in [3] the problem of the a.e. convergence of the averages was introduced by H. Furstenberg in [8] .
Thus by considering weights of the form an(x) = jIH 1Ai (Thin X) we will get an extension in one direction. This extension already generalizes our result in [3] . In the second direction we will look at weights of the form where (X, J', p, T) is a fixed weakly mixing system a.e. multiple recurrent and the systems (Yj , ~~ , m j , Sj) are weakly mixing.
(II)
The method we will use relies on the following result, on the structure of pairwise independent joinings. THEOREM 1. -Let (X 1, ,~3~ , Tl ) be an ergodic measure preserving system. Take f E L2 (p) and denote by P f the projection of f onto the vector space of those functions whose spectral measure is absolutely continuous with respect to Lebesgue measure on 1r and Pxl f the projection of f onto the Kronecker factor of (X 1, ,c,c 1, Ti ). Let w be a pairwise independent joining of (X 1, ,13t , ~1, Tl ) with two other ergodic dynamical systems (X2, 82, /(,G2, T2) and (X3, 83 , /(.~3, T3). Then for all f2, f3 E L°°w e have This theorem is essentially a reformulation of Host's result [9] . The key observation incorporated in this reformulation is to notice that Host's proof can be applied to a single function with singular spectrum instead of assuming that the entire system has singular spectrum. The weakly mixing assumption on the sytems is also dropped. The focus on one single function is important for splitting a function into the sum of two functions one having a singular spectral measure the second an absolutely continuous spectral measure. As in [3] we can then deal with each function separately. This theorem is in our view of independent interest as not all pairwise independent joinings are independent.
We want to prove the following result. We fix now H continuous functions f l , f2, ... , fH and (bj, b2, ..., bH ) E ZH (bi distinct and not equal to zero). By using a countable dense set of continuous functions in C(XH), set of continuous functions on X H, and the a.e. multiple recurrence property of the system (X, ~ ~ T), we can find a set of full measure X such that for x E X we have for all F E C(X) where /~ is the H-product measure p 0 ~ 0 -" 0 /õ n In particular we have for x E X By using our induction assumption (3) and the previous argument for (4) and (5) From the sequence (Nk (z)) we can extract by a diagonal process a subsequence (M~(z)) such that exists for all continuous functions V E C(XH x Z). This limit (14) guarantees by the Riesz representation theorem the existence of a probability measure such that
We claim that this measure is a pairwise independent joining of three systems (a)(X, ,t3(X), ~,c, Tbl), ~c,cH-1, Tb2 x Tb3 x ...
x TbH), and (y) (Z, K, v, R) . Let us see why; (6) and (7) Finally by a classical argument used in [7] Proof -For the sake of simplicity we will treat only the case J = 2. The reader can check that the arguments extend without difficulty to the general case of J positive integer. As in the proof of Theorem 2 we can and will assume that all systems are "standard" or "regular". As the ideas are mainly the same as in the proof of Theorem 4 we only sketch the arguments.
Step 1: We use Theorem 1 to guarantee the existence of a set of full measure Xi 1 such that if x ~ X1 the sequence is p a.e. good universal.
Step 2: We pick a weakly mixing system (Y1, 91, and gi l E C(Yi ) . By the result in [4] or [6] we pick a set of full measure Y1 such that for all yi E Y1 the sequence is a good universal weight.
Step 3 : We find subsets X 2 of Xi and Fi of Y1 such that the sequence is good universal for the pointwise convergence. At this stage we pick any weakly mixing system (Y2, g2, v2, S2) and g2 E C(Y2). We use the spectral decomposition to write g2 as j g2 + Pg2 where and « m .
The averages for P g2 are handled in the same way (using the series and a dense subset E2 of L 2 ( v2 ) ). For gf we can consider the lim and lim. We construct a joining which we make pairwise independent at the expense of restricting the set Y and X2 but maintaining the total mass to be equal to 1. Theorem 2 guarantees the existence of the limit of these averages along an appropriate subsequence to be equal to zero. Similar arguments for the lim give the existence of the limit for gf. For the pairwise independence the three systems considered are (XH, B(XH), T bl x Tb2 x ... x TbH), and (~~(~2)~2~2). The universality property is also ensured by Step 1 and Step 2.
Step 4: We proceed similarly as in Step 3, this time to prove that for appropriate universal subsets of X2, Y 1 and Y2 the sequence (jIH (S1 y1 )g2 (S2 y2)) is good universal for the pointwise convergence. The arguments are the same as previously. We use Step 3, the spectral decomposition, Theorem 4 and the result in [4] or [6] to prove as previously the universality property expected.
Remark. -The results in this paper were obtained some years ago.
Since then one extension of Theorem 2 has appeared in [ 11 ] for the case H = 0, J any positive integer and S j ergodic.
